18.01A Recitation Solutions — Monday, Sept. 24, 2018

/ sin®(z)dw
/sin3(x)dx = /sinQ(x) -sin(z)dz.

Make the substitution u = cos(x). Then

Practice problems:

1.

Solution.

1 1
/sinz(a:) - sin(z)dr = — /(1 —u?)du = —u + §u3 +C = —cosx + 3 cos’z + C.

/ dx
N
Solution. Make the substitution = asin . We have
/ dx / a cos 6do / 1 d@l/ 1 o
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Let us now compute [ ﬁd@. Make the substitution 6§ = 2¢
1 1 1 1
/. d@:/, zdt:/.—zdt:/,—dt
sin 6 sin 2t 2sintcost sintcost
. 9 2 .2 2
t t t t
:/sm' + cos dt:/ .sm dt+/ 'cos i
sintcost sintcost sintcost

int t
:/Sm dt+/c,os dt
cost sint
= —In|cost| +In|sint| + C
=In|tant| + C

6
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Since the original integral is in terms of x, we need to express tang in terms of .
Notice that we know sinf = £
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Solution. Make the substitution z = sec 6.

ftand
secftant .

/ 34/ mQ / sec? 6] tan 6|

Notice that like we talked about in class, when you are doing definite integrals, you do
care about the absolute value! In this case, however, tan § when 0 < 6 < 7/4 is always
positive. Hence, we may lose the absolute value sign.

w/4 w/4 /4 1
/ sec f tan 6 d@z/ sec@tan@(w:/ o
o sec®0|tand| o sec3ftand o sec?f
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Solution. You need to compare this question with the previous one.

Make the substitution z = secd.

/_1 secf tanf _secOtanf
fa:3\/x2 s sec? 0] tan 0

Note that when 37 < 6 < 7, tan @ is negative. Hence, |tan 6| = — tan.

T secftanf ™ secftanf 1
/iﬂ sec? 0| tan 0| /iﬂ sec?  tan 6 /37r sec?
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(Hint: [ —15df = secftan6 + 1 In|sech + tand| + C.)
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Solution. Make the substitution z = a tan@.
/\/ a? + x2dx = /asec fa sec? 0dl = o> /sec3 0do.

Using the hint, we have

CZ2

1
/\/az—l—x?dx = 3seCQtan9+§ln|secﬁ+tan0| +C.

Now we need to write our final answer in terms of . Notice that tan8 = % Hence

sect = \/1+§—§. Thus,
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/\/ a? + x2dx = 5:6\/ a? + x2+§ In
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+C = 53:\/a2 —1—1:2—1—5111 T+ Va2 + z2|+C.
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. (If time permits.) If the circle (z — b)? + y* = a*(0 < a < b) is revolved about the
y-axis, the resulting solid of revolution is called a torus. Find the volume of this torus.

Solution. We will only set up the integral. If we use the shell method (partition the
x-axis), the volume element is given by

dV = 2rx2ydx = dwxr/a? — (x — b)?dz.
Hence, the integral is:

b+a
/ drzy/a? — (x — b)?dz.
b
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It’s a good exercise to try and evaluate this integral. O



